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Abstract We calculate the magnetic dipole and electric
quadrupole moments associated with the radiative ∗Q →
Qγ and ∗Q → ′Qγ transitions with Q = b or c in
the framework of light cone QCD sum rules. It is found
that the corresponding quadrupole moments are negligibly
small, while the magnetic dipole moments are considerably
large. A comparison of the results of the considered multi-
pole moments as well as corresponding decay widths with
the predictions of the vector dominance model is performed.
1 Introduction
In the recent years, there has been significant experimental
progress on hadron spectroscopy. Many new baryons con-
taining heavy bottom and charm quarks as well as many new
charmonium like states are observed. Now, all heavy baryons
with single heavy quark have been discovered in the exper-
iments except the ∗b baryon with spin 3/2. In the case of
doubly heavy baryons only the doubly charmed cc baryon
has been discovered by SELEX Collaboration [1,2] but the
experimental attempts on the identification of other mem-
bers of the doubly baryons as well as triply heavy baryons
predicted by quark model are continued. Considering this
progress and the facilities of experiments specially at LHC,
it would be possible to study the decay properties of heavy
baryons in the near future. Theoretical studies on electro-
magnetic, weak, and strong decays of heavy baryons receive
special attention in the light of the experimental results.
In the present work we calculate the electromagnetic form
factors of the radiative ∗Q → Qγ and ∗Q → ′Qγ tran-
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sitions in the framework of the light cone QCD sum rules
as one of the best applicable non-perturbative tools to study
hadron physics. Here, baryons with ∗ correspond to spin 3/2,
while those without ∗ are spin-1/2 baryons. Using the elec-
tromagnetic form factors at the static limit (q2 = 0), we
obtain the magnetic dipole and electric quadrupole moments
as well as the decay widths of the considered radiative decays.
We compare our results with the predictions of the vector
meson dominance model (VDM) [3], which uses the values
of the strong coupling constants between spin-3/2 and spin-
1/2 heavy baryons with vector mesons [4] to calculate the
magnetic dipole and electric quadrupole moments of the tran-
sitions under consideration. The electromagnetic multipole
moments of heavy baryons can give valuable information
on their internal structure as well as their geometric shapes.
Note that other possible radiative transitions among heavy
spin-3/2 and spin-1/2 baryons with a single heavy quark,
namely ∗Q → Qγ , ∗Q → Qγ , and ∗Q → Qγ , have
been investigated in [5] using the same framework. Some of
these radiative transitions have also been previously studied
using chiral perturbation theory [6], heavy quark and chiral
symmetries [7,8], the relativistic quark model [9], and light
cone QCD sum rules at leading order in HQET in [10].
The outline of the paper is as follows. In the next sec-
tion, QCD sum rules for the electromagnetic form factors
of the transitions under consideration are calculated. In the
last section, we numerically analyze the obtained sum rules.
This section also includes a comparison of our results with
the predictions of VDM on the multipole moments as well
as the corresponding decay widths.
2 Theoretical framework
The aim of this section is to obtain light cone QCD sum rules
(LCQSR) for the electromagnetic form factors defining the
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radiative ∗Q → Qγ and ∗Q → ′Qγ transitions. For this
goal we use the following two-point correlation function in
the presence of an external photon field:
μ(p, q) = i
∫
d4xei p·x 〈0 | T {η(x)η¯μ(0)} | 0〉γ , (1)
where η and ημ are the interpolating currents of the heavy fla-
vored baryons with spin 1/2 and 3/2, respectively. The main
task in the following is to calculate this correlation function
once in terms of hadronic parameters called the hadronic side
and in terms of photon distribution amplitudes (DAs) with
increasing twist with the help of operator product expansion
(OPE). By equating the coefficients of appropriate structures
from the hadronic to the OPE side, we obtain LCQSR for
the transition form factors. To suppress the contribution of
the higher states and continuum, we apply Borel transforma-
tions with respect to the momentum squared of the initial and
final baryonic states. For further pushing down those contri-
butions, we also apply a continuum subtraction to both sides
of the LCQSRs obtained.
2.1 Hadronic side
To obtain the hadronic representation, we insert complete sets
of intermediate states having the same quantum numbers as
the interpolating currents into the above correlation function.
As a result of this we get
μ(p, q) = 〈0 | η | 2(p, s
′)〉
p2 − m22
〈2(p, s′) | 1(p + q, s)〉γ
×〈1(p+q, s) | η¯μ | 0〉
(p + q)2 − m21
+ . . . , (2)
where the dots indicate the contributions of the higher states
and continuum and q is the photon’s momentum. In the above
equation, 〈1(p + q, s)| and 〈2(p, s′)| denote the heavy spin-
3/2 and spin-1/2 states and m1 and m2 are their masses,
respectively. To proceed, we need to know the matrix ele-
ments of the interpolating currents between the vacuum and
the baryonic states. They are defined in terms of spinors and
residues as
〈1(p + q, s) | η¯μ(0) | 0〉 = λ1u¯μ(p + q, s),
〈0 | η(0) | 2(p, s′)〉 = λ2u(p, s′), (3)
where uμ(p, s) is the Rarita–Schwinger spinor; and λ1 and
λ2 are the residues of the heavy baryons with spin 3/2 and 1/2,
respectively which are calculated in [5]. The matrix element
〈2(p, s′) | 1(p + q, s)〉γ is also defined as [11,12]
〈2(p, s′) | 1(p + q, s)〉γ
=eu¯(p, s′){G1(qμ  ε−εμ q)+G2[(Pε)qμ−(Pq)εμ]γ5
+G3[(qε)qμ − q2εμ]γ5}uμ(p + q, s), (4)
where the Gi are electromagnetic form factors, εμ is the
photon’s polarization vector and P = p+(p+q)2 . In the above
equation, the term proportional to G3 is zero for the real
photon which we consider in the present study. At q2 = 0,
the transition magnetic dipole moment G M and the electric
quadrupole moment G E are defined in terms of the remaining




















Now, we use Eqs. (4) and (3) in Eq. (2) and perform a
summation over the spins of the Dirac and Rarita–Schwinger
spinors. In the case of spin 3/2 this summation is written as
∑
s
uμ(p, s)u¯ν(p, s) = (  p + m)2m
{
− gμν + 13γμγν
−2pμ pν
3m2




Using Eqs. (3–6), in principle, one can straightforwardly cal-
culate the hadronic side of the correlation function. But here
appear two unwanted problems:
• There is pollution from spin-1/2 baryons, since the inter-
polating current ημ couples with spin-1/2 baryons also.
• All Lorentz structures are not independent.
In order to solve the first problem, let us write the corre-
sponding matrix element of the current ημ between vacuum
and J = 1/2 states, which can be parameterized as
〈0|ημ|1(p + q, s)〉 = [αγμ + β(p + q)μ]u(p + q, s). (7)
Multiplying both sides of this equation by γ μ and using
γ μημ = 0 as well as the Dirac equation we get






u(p + q, s).
(8)
From this expression it follows that contributions of spin-1/2
states are either proportional to the γμ at the end or (p+q)μ.
Taking into account this fact, from Eq. (6) it follows that
only terms proportional to gμν contain contributions coming
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only from spin-3/2 states. This observation shows how spin-
1/2 states’ contributions coupled to ημ can be removed. The
second problem can be solved if one orders the Dirac matrices
in an appropriate way. In this work, we choose the ordering
 ε  q  pγμ. After some calculations, for the hadronic side of
the correlation function we get
μ = eλ1λ2 1p2 − m22
1
(p + q)2 − m21[[εμ(pq) − (εp)qμ]{−2G1m1 − G2m1m2 + G2(p + q)2
+[2G1 − G2(m1 − m2)]  p + m2G2 q − G2 q  p}γ5
+[qμ  ε − εμ q]{G1(p2 + m1m2) − G1(m1 + m2)  p}γ5
+ 2G1[ ε(pq)− q(εp)]qμγ5 − G1  ε q(m2+  p)qμγ5
+ other structures with γμ at the end or which
are proportional to (p + q)μ
]
, (9)
where we need two invariant structures to calculate the form
factors G1 and G2. In the present work, we select the struc-
tures  ε  pγ5qμ and  q  pγ5(εp)qμ for G1 and G2, respec-
tively. The advantage of these structures is that these terms
do not receive contributions from contact terms.
2.2 OPE side
On the OPE side, the aforementioned correlation function
is calculated in terms of the QCD degrees of freedom and
photon DAs. To this aim, we substitute the explicit forms
of the interpolating currents of the heavy baryons into the
correlation function in Eq. (1) and use Wick’s theorem to
obtain the correlation in terms of the quark propagators.




















where q1 and q2 stand for light quarks; a, b, and c are color
indices and C is the charge conjugation operator. The normal-
ization factor A and light quark content of the heavy spin-3/2
baryons are presented in Table 1.
Table 1 The normalization factor A and light quark content of heavy
spin-3/2 baryons
















Table 2 The constant B and light quark content of the heavy spin-1/2
baryons under consideration








b(c) 1 s u

′−(0)
b(c) 1 s d
The general form of the interpolating currents for the
heavy spin-1/2 baryons under consideration can be written
as (see for instance [13])






















where β is an arbitrary parameter and β = −1 corresponds
to the Ioffe current. The constant B and quark fields q1 and
q2 for the corresponding heavy spin-1/2 baryons are given in
Table 2.
The correlation function on the OPE side receives three
different contributions: (1) perturbative contributions, (2)
mixed contributions at which the photon is radiated from
short distances and at least one of the quarks forms a conden-
sate, and (3) non-perturbative contributions where a photon
is radiated at long distances. The last contribution is param-
eterized by the matrix element 〈γ (q) | q¯(x1)q(x2) | 0〉,
which is expanded in terms of photon DAs with definite
twists. Here  is the full set of Dirac matrices  j =
{1, γ5, γα, iγ5γα, σαβ/
√
2}.
The perturbative contribution at which the photon interacts
with the quarks perturbatively is obtained by replacing the
corresponding free quark propagator by
Sabαβ ⇒
{∫



























with Ki being the Bessel functions.
The non-perturbative contributions are obtained by replac-




q¯a j qb( j )αβ, (14)
where a sum over j is applied, and the remaining contribu-
tions by full quark propagators involving the perturbative as
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well as the non-perturbative parts. The full heavy and light
quark propagators which we use in the present work are (see
[14,15])























































where  is the scale parameter; we choose it at the factor-
ization scale  = (0.5–1) GeV [16,17].
In order to calculate the non-perturbative contributions,
we need the matrix elements 〈γ (q) | q¯i q | 0〉. These matrix
elements are determined in terms of the photon DAs as [18]





















εν − qν εxqx
)]∫ 1
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) ∫ Dαi ei(αq¯+vαg)qxS(αi ),




) ∫ Dαi ei(αq¯+vαg)qx S˜(αi ),
〈γ (q)|q¯(x)gs G˜μν(vx)γαγ5q(0)|0〉




= eq f3γ qα(εμqν − ενqμ)
∫
Dαi ei(αq¯+vαg)qxV(αi ),
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where ϕγ (u) is the leading twist 2, ψv(u), ψa(u), A, and
V are the twist 3; and hγ (u), A, and Ti (i = 1, 2, 3, 4)
are the twist 4 photon DAs [18]. Here χ is the magnetic
susceptibility of the quarks.
The measure











dαgδ(1 − αq¯ − αq −αg).
(17)
In order to obtain the sum rules for the form factors G1 and
G2, we equate the coefficients of the structures  ε  pγ5qμ and
 q  pγ5(εp)qμ from both hadronic and OPE representations
of the same correlation function. We apply the Borel transfor-
mations with respect to the variables p2 and (p +q)2 as well
as continuum subtraction to suppress the contributions of the
higher states and continuum. Finally, we obtain the follow-
ing schematically written sum rules for the electromagnetic
form factors G1 and G2:





M22 [eq11 + eq21(q1 ↔ q2)
+eQ′1]
123







M22 [eq12 + eq22(q1 ↔ q2) + eQ′2],
(18)
where the functions i [′i ] can be written as





M2 ρi (s)[ρ′i (s)]ds + e
−m2Q
M2 i [′i ], (19)
where s0 is the continuum threshold and we take M21 =
M22 = 2M2 since the masses of the initial and final baryons
are close to each other. The expressions for the spectral den-
sities ρi (s)[ρ′i (s)] and the functions i [′i ] are very lengthy;
hence, we do not present these explicit expressions here.
3 Numerical results
In this part, we numerically analyze the sum rules for the
magnetic dipole G M and electric quadrupole G E obtained
in the previous section. To this aim, we use the input param-
eters 〈u¯u〉(1 GeV) = 〈d¯d〉(1 GeV) = −(0.243)3 GeV3,
〈s¯s〉(1 GeV) = 0.8〈u¯u〉(1 GeV), m20(1 GeV) = (0.8 ±
0.2) GeV2 [19], and f3γ = −0.0039 GeV2 [18]. The val-
ues of the magnetic susceptibility are calculated in [20–22].
Here we use the value χ(1 GeV) = −4.4 GeV−2 [22] for
this quantity. The LCQSR for the magnetic dipole and elec-
tric quadrupole moments also include the photon DAs [18],
whose expressions are given as
ϕγ (u) = 6uu¯(1 + ϕ2(μ)C
3
2
2 (u − u¯)),
ψv(u) = 3(3(2u − 1)2 − 1) + 3
64
(15wVγ − 5wAγ )
×(3 − 30(2u − 1)2 + 35(2u − 1)4),




















V(αi ) = 540wVγ (αq − αq¯ )αqαq¯α2g,
hγ (u) = −10(1 + 2κ+)C
1
2
2 (u − u¯),
A(u) = 40u2u¯2(3κ − κ+ + 1)
+8(ζ+2 − 3ζ2)[uu¯(2 + 13uu¯)
+2u3(10 − 15u + 6u2) ln(u)
+2u¯3(10 − 15u¯ + 6u¯2) ln(u¯)],
T1(αi ) = −120(3ζ2 + ζ+2 )(αq¯ − αq )αq¯αqαg,
T2(αi ) = 30α2g(αq¯ − αq )((κ − κ+) + (ζ1 − ζ+1 )(1 − 2αg)
+ζ2(3 − 4αg)),
T3(αi ) = −120(3ζ2 − ζ+2 )(αq¯ − αq )αq¯αqαg,
T4(αi ) = 30α2g(αq¯ − αq )((κ + κ+) + (ζ1 + ζ+1 )(1 − 2αg)
+ζ2(3 − 4αg)),
S(αi ) = 30α2g{(κ+κ+)(1−αg) + (ζ1+ζ+1 )(1−αg)(1−2αg)
+ζ2[3(αq¯ − αq )2 − αg(1 − αg)]},
S˜(αi ) = −30α2g{(κ−κ+)(1−αg)+(ζ1−ζ+1 )(1−αg)(1−2αg)
+ζ2[3(αq¯ − αq )2 − αg(1 − αg)]}, (20)
where the constants inside the DAs are given byϕ2(1 GeV) =
0, wVγ = 3.8 ± 1.8, wAγ = −2.1 ± 1.0, κ = 0.2, κ+ = 0,
ζ1 = 0.4, ζ2 = 0.3, ζ+1 = 0, and ζ+2 = 0 [18].
The sum rules for the electromagnetic form factors contain
three more auxiliary parameters: the Borel mass parameter
M2, the continuum threshold s0, and the arbitrary parameter
β entering the expressions of the interpolating currents of
the heavy spin-1/2 baryons. Any physical quantities, like the
magnetic dipole and electric quadrupole moments, should be
independent of these auxiliary parameters. Therefore, we try
to find “working regions” for these auxiliary parameters such
that in these regions G M and G E are practically independent
of these parameters. The upper and lower bands for M2 are
found requiring that not only the contributions of the higher
states and continuum are less than the ground state contribu-
tion, but also the contributions of the higher twists are less
compared to the leading twists. By these requirements, the
working regions of Borel mass parameter are obtained as
15 GeV2 ≤ M2 ≤ 30 GeV2 and 6 GeV2 ≤ M2 ≤ 12 GeV2
for baryons containing b and c quarks, respectively. The con-
tinuum threshold s0 is the energy square which characterizes
the beginning of the continuum. If we denote the ground
state mass by m, the quantity √s0 − m is the energy needed
to excite the particle to its first excited state with the same
quantum numbers. The √s0 − m is not well known for
the baryons under consideration, but it should lie between
0.3 GeV and 0.8 GeV. The dependence of the magnetic
dipole moment G M and electric quadrupole moment G E on
the Borel mass parameter at different fixed values of the con-
tinuum threshold and general parameter β are depicted in
Figs. 1, 2, 3, 4, 5, and 6 for the radiative transitions under
consideration.
Note that, in all figures, we plot the absolute values of
the physical quantities under study since it is not possible to
predict the signs of the residues from the mass sum rules.
From these figures, we see that the results weakly depend on
the M2 and s0 in their working regions.
To determine the working regions for the general param-
eter β at different radiative channels, we depict the depen-
dence of the results on this parameter at different fixed values
of the Borel mass parameter and continuum threshold in Figs.
7, 8, 9, 10, 11, and 12. Note that instead of β we use cos θ ,
where β = tan θ . The interval −1 ≤ cos θ ≤ 1 corresponds
to β between −∞ to +∞, which we shall consider in our
calculations. The numerical results show that the values of
G E are negligibly small and therefore we consider only the
dependence of G M on β, in order to find its working region.
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Fig. 1 Left: The dependence of the magnetic dipole moment G M for ∗−b → −b γ transition on the Borel mass parameter M2. Right: The
dependence of the electric quadrupole moment G E for ∗−b → −b γ transition on the Borel mass parameter M2
Fig. 2 The same as Fig. 1, but for ∗0c → 0cγ
Fig. 3 The same as Fig. 1, but for ∗0b → ′0b γ
From Figs. 7, 8, 9, 10, 11, and 12, we obtain the region
−0.25 ≤ cos θ ≤ 0.5 common for all radiative transitions
under consideration, at which the dependence of the G M
on cos θ is relatively weak. In most of the figures related
to the magnetic dipole moment, the Ioffe current which
corresponds to cos θ  −0.71 remains out of the reliable
region.
Considering the working regions for the auxiliary param-
eters, the photon DAs, and other input parameters, we extract
the values of the magnetic dipole moment G M and the elec-
tric quadrupole moment G E corresponding to the considered
radiative transitions as presented in Table 3. For comparison,
we also present the predictions of VDM [3] on G M and G E in
this table. From this table we see that, considering the errors
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Fig. 4 The same as Fig. 1, but for ∗+c → ′+c γ
Fig. 5 The same as Fig. 1, but for ∗−b → ′−b γ
Fig. 6 The same as Fig. 1, but for ∗0c → ′0c γ
in our results, our predictions are comparable with those of
the VDM on the magnetic dipole moment G M for all tran-
sitions except that ∗−b → −b γ , for which our result is
considerably small compared to that of VDM. In both mod-
els, the values of G E are negligibly small for all considered
channels.
At the end of this section we would like to present the
decay width for the radiative transitions under considera-
tion. Considering the transition matrix element in Eq. (4) and
definitions of the magnetic dipole and electric quadrupole
moments in terms of the form factors G1 and G2, we get
the following formula for the widths of the corresponding
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Fig. 7 Left: The dependence of the magnetic dipole moment G M for ∗−b → −b γ on cos θ . Right: The dependence of the electric quadrupole
moment f G E for ∗−b → −b γ on cos θ
Fig. 8 The same as Fig. 7, but for ∗0c → 0cγ
Fig. 9 The same as Fig. 7, but for ∗0b → ′0b γ
transitions:






(G2M + 3G2E ). (21)
Using the numerical values for the magnetic dipole and elec-
tric quadrupole moments as well as the QCD sum rules pre-
dictions for the baryon masses, viz. ∗b = (6.17±0.15) GeV,
∗c = (2.79 ± 0.19) GeV, ∗b = (6.02 ± 0.17) GeV,
∗c = (2.65 ± 0.20) GeV, b = (6.11 ± 0.16) GeV,
c = (2.70 ± 0.20) GeV, ′b = (5.96 ± 0.17) GeV,
and ′c = (2.56 ± 0.22) GeV [23,24], we get the values
for the widths as presented in Table 4. For comparison, we
also depict the existing predictions from the VDM in the
same table. Looking at this table we see that our results are
overall comparable in orders of magnitudes with the results
of [3] except for the ∗−b → −b γ channel, at which our
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Fig. 10 The same as Fig. 7, but for ∗+c → ′+c γ
Fig. 11 The same as Fig. 7, but for ∗−b → ′−b γ
Fig. 12 The same as Fig. 7, but for ∗0c → ′0c γ
result is roughly one order of magnitude smaller compared
to that of [3]. When we compare our results with those of
[25,26], we see considerable differences in the orders of mag-
nitudes between the two models’ predictions except for the
∗0c → 0cγ and ∗+c → ′+c γ channels where our predic-
tions are in the same orders of magnitude as those of [25,26].
The big differences between our results, [3], and [25,26] may
be attributed to the different baryon masses that are used since
the width in Eq. (19) is very sensitive to the masses of the
initial and final baryons.
In summary, we have calculated the transition magnetic
dipole moment G M and electric quadrupole moment G E as
well as the decay width for the radiative ∗Q → Qγ and
∗Q → ′Qγ transitions within the light cone QCD sum rule
approach and compared the results with the predictions of the
VDM. Considering the recent progress on the identification
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Table 3 The absolute values of
the magnetic dipole moment
|G M | and electric quadrupole
moment |G E | for the
corresponding radiative decays
in units of the natural magneton.
PW means present work and
VDM refers to the vector
dominance model
|G M | (PW) |G E | (PW) |G M | (VDM) [3] |G E | (VDM) [3]
∗−b → −b γ 1.715 ± 0.498 0.007 4.52 0.034
∗0c → 0cγ 1.337 ± 0.374 0.013 2.17 0.026
∗0b → ′0b γ 2.003 ± 0.601 0.006 2.93 0.017
∗+c → ′+c γ 0.688 ± 0.192 0.006 1.33 0.019
∗−b → ′−b γ 3.037 ± 0.881 0.011 4.63 0.021
∗0c → ′0c γ 1.924 ± 0.556 0.019 2.20 0.026
Table 4 Widths of the corresponding radiative transitions in KeV
 (PW)  (VDM) [3]  (VDM) [25,26]
∗−b → −b γ 0.092 2.873 0.00074
∗0c → 0cγ 0.932 1.439 1.16
∗0b → ′0b γ 0.131 0.281 0.047
∗+c → ′+c γ 0.274 0.485 0.96
∗−b → ′−b γ 0.303 0.702 0.066
∗0c → ′0c γ 2.142 1.317 0.12
and spectroscopy of the heavy baryons, we hope it will be
possible to study these radiative decay channels experimen-
tally in the near future.
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